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Abstract

This paper deals with the amount of disorder that is left in a permutation after one of its elements has been
selected with quickselect or quickselect with median-of-three pivoting. Five measures of disorder are considered:
inversions, cycles of length less than or equal to some m, cycles of any length, expected cycle length, and the
distance to the identity permutation. “Grand averages” for each measure of disorder for a permutation after one of
its elements has been selected with quickselect, where 1,2, ..., n are the elements being permuted, are computed,
as well as more specific results.
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1 Introduction

Quickselect (sometimes called Hoare’s FIND algorithm) is an algorithm that has been extensively studied and uses
the principle behind the quicksort algorithm to select one or more elements from a permutation [2, 3, 5, 9]. The goal
is to select an order statistic from a permutation. The algorithm selects a pivot (this is either the first element or
the median of the first three elements in quickselect with median-of-three pivoting) and splits the data into those
elements that are less than the pivot, those that are equal to the pivot and those that are larger than the pivot. If
the pivot is the statistic that we wish to find, the algorithm halts. Otherwise it recursively selects the desired order
statistic from those elements that are less than, or those that are larger than the pivot.

This paper treats the following question. What amount of disorder is left in a permutation after one of its
elements has been selected with quickselect or quickselect with median-of-three pivoting? It seems clear that there
should be less disorder than in a random permutation. Those elements that were pivots are in place, and the others
are closer to their home position than before quickselect was applied to the permutation. We consider five measures
of disorder:

e Inversions. Two elements of a permutation such that the first is larger than the second constitute an inversion.
The fewer inversions, the more ordered the permutation.

e Cycles of length less than or equal to some m. The value m = 1 is of particular interest, because it
counts the number of fixed points. The more cycles, the more ordered the permutation.

e Cycles of any length. This is like the previous item, except that now all cycles are counted. Once again,
the more cycles, the more ordered the permutation.

e Expected cycle length. Pick a random element of a random permutation. It belongs to a cycle of some
length k. We study the expected value of k. This parameter should decrease after processing by quickselect.

e Distance to the identity permutation. Sum the absolute value of the distance of each element to its
correct position, taken to some power p. We treat the case p = 2. The smaller the distance, the more ordered
the permutation.
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The goal of this paper is to compute the “grand average” for each measure of disorder for a permutation after one
of its elements has been selected with quickselect, where 1,2,...,n are the elements being permuted. More specific
results are obtained in the process of computing these “grand averages.”

We have used MAPLE, MAXIMA, GiNaC and Perl to compute the results of this paper.

2 Random permutations

We must first compute the expected value of each measure for random permutations of n elements, because these
expectations enter the computations, as will become clear later. We can compare the value of this quantity with the
corresponding one after quickselect has been performed; this will be summarized in Section 7. For the computations
of the variance as done in Section 6 we also need the second factorial moments for these measures.

Let r,(v) be the exponential generating function of any such measure and set

R(z,v) = Zrn(v)z”.

n>1

We always have r,,(1) =1 and
1

R(z,1) = T

2.1 Distance to the identity permutation

This is a less common measure and requires commentary. For p > 1 the distance d, () is for a permutation m 7z ... m,
of size n given by

dy(m) ==Y [k —mil". (1)
k=1

In this case 7, ,(v) is the exponential generating function of the random variable

R, := [distance to the identity permutation of a random permutation of size n].
We have .
E == —al?
(R)=— > [k—al (2a)
1<k,a<n

and ) )
E(R2) = — k—al** + ——— k — al?|l — b|P. 2b
(F)=5 3 ka3 fk-aPli-b (20)

1<k, a<n 1<k,l,a,b<n

k#£l,a#b

These formulee can be obtained by averaging (1):

B(Ry) = S dy(m) = = S S homl = 530S Y ear=t Y hal

TESy €S, k=1 " k=la=1rw€S,,mr=a 1<k,a<n

and

1 1 ~
E(R;) = — > dy(m) = — S lk—mlP+ > [k—mlll—m?
" wEeS, T xeS, \ k=1 15:;l§n
1 1
SIDMUSTE 1 DD ol SR R
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JFrom (2a) we get then

n—1
2
(D)= 23k (k)
k=1
Recall that (e. g. [1])
zn:k‘z——ng—i—an—i——n i:k:gz n4—|—1n3+—n2
— 3 2 6’ — 4 2 47

- k=1
This yields to
T'/n’l(l) - W’ T'IVL,Z(l) = (n+ 1)Z(n — 1)5
/ (n+1)(n—1)(3n2-2) /  (n+ Dn(n — 1)(2n% — 3)
Th3(l) = 20 : M(1) = - e

Such computations are best done with computer algebra systems.

2.2 Considered measures for random permutations

We now list 7, (v) for the five measures under consideration.

e Inversions.

n—1 k

1 1 — okt
Tl U Z%vl n! H 1—v '
OEDMACEEDY —j&“ﬁ;’n,

n>0 n>0

where we used the notation (z;q), := (1 —2z)(1 —zq)...(1 — x¢"~!). Note that

;o n(n—1) wiqy  n(n—1)(n—2)(9n + 13)
and hence
) 1, nea Lo 1\ 1 22
BUR(Z’U) =17 Zn(n 1" = T3 =3 e
v=1 n>2
0? 23(10 — 2)
g =gy

e Cycles of length less than or equal to some m. For these generating functions we refer to [9]:

R(Z,v):exp<v2%+ Z %) = 1izexp<(v—1)z%>

k=1

and thus
2+ 2224 23/34+ ...+ 2" /m
1—2z ’




Note the special instance m = 1 (counting fixed points):

" e'UZ—Z
ralv) = (") S—
which gives
0 0? 22
—_ e d —_— f—
8@R(2,v) B 12 an 907 R(z,v) B T
e Cycles of any length. Here we have
1
R =
() = =0
and thus
1 v
)= ) (12 ) = e
and ,
0 1 1 0? 1 1
—R = —R = 1
ov (2,0) . 1-— Ogl—z7 ov? (z,v) . l—z(0g1—2>

e Expected cycle length. We have

R(z,v) = exp (Z o* %)

k>1
and hence
gR(z v) - Zk?i = i
v 1-z2 k) (1-2)3%
v= k>1
0? 722
WR(:&’?U) B = 7(1 _2)5.

e Distance to the identity permutation. We confine ourselves to the parameter p = 2.

0 n+1 22
g0 T2 0) Z( 3 )Z (1— )
v=1 n>0
(From (2b) one also gets
0? 22(523 + 1322 + 392 + 3)
—R =
goz v B 31— 2)7

3 Recurrence relation

Let gy, ;(v) be the exponential generating function of the measure of disorder (measured by a certain random variable
Qn,;) after the element j, where 1 < j < n, has been selected from a random permutation of size n.
The base cases are:

e Inversions and distance to the identity permutation. ¢;1(v) =1/1 =1 and ¢21(v) = g22(v) =2/2 = 1.

e Fixed points, expected cycle length, and cycles of any length. ¢1:1(v) = v/1 = v and ¢21(v) =
q2.2(v) = 20%/2 = v2.



For convenience we let ro(v) = go,j(v) = 1. Let p denote the pivot, where 1 < p < n. The recurrence for g, ;(v)
is as follows:

1
n,j (v Z’“p 1(0)n—p.j- p(U)‘FETj—l( v)rn—;( +_ Z Ip—1,j(V)Tn—p (V) (3a)
p =j+1

for inversions and the distance to the identity permutation and

v
n,j (v er 1(V)@n—p,j—p(v )‘i'ﬁrj—l(v)rn J +_ Z Gp—1,j(V)rn—p(v) (3b)

p =j+1

for fixed points, the expected cycle length and cycles.
The recurrence for median-of-three pivoting is as follows (note that the probability of p being selected as the

pivot is (2)71(1) —1)(n—p))

() G- D)= e (3
(5)

| (;‘) S (0= Dapors () — ) p(2)

p=j+1
for inversions and the distance to the identity permutation and

-1 j—1

s @ =0 (5) X a0 D0

p=1

o (Z) (G = g1 () = H)rns(0) (34)
T (’;) 2 (b = V1,5 (0)(n = D)ra_y(v)
p=i+1

for fixed points, the expected cycle length and cycles.
For all these measures, except the expected cycle length, we will compute the expectations

By i=B(Qnj) = ¢n;(1);

but in particular we are interested in

1 Z" ¢ (1
= — ETl,j = (
n “
Jj=1

which is the grand average of the parameter under consideration. In the case of the expected cycle length we have

1 (1
Buj=—d,;(1) and B, = q2—2)~

where ¢, (v Z n,j(

For the “ordinary” Quickselect algorithm with splitting probabilities % we also compute the second factorial
moments, which is for all parameters except the expected cycle length given by

M) = E(Quy(Qny — 1)) = ¢/;(1),

and from which the variance
Vi = M) + By — B2



could be obtained easily. Interesting is also the variance of the mean
Vi, :EZM(Q?JFETI_E?
n 4 n,j no

which is given, too. For the expected cycle length things are a bit different; we have

(2) o 1 7 Tl—l ’
Myj = —3n;(1) = —5=dn,;(1)

and
Vo= o )+ ) - ()

4 'Trivariate generating function

To get our results for the considered parameters, we will use a generating functions approach. We will introduce
trivariate generating functions

F(z,u,v) = Z Gnj (V)u? 2",

1<j<n

from which the recurrence relations (3) will translate into ordinary differential equations.
Recall that ¢, ;(1) = 1 and hence

e S e

1<j<n 1<j

(From (3a) we get

. (V)0 2" =0y o1 (V) T g o (0)u PP

j—1

+ urj,l(v)ujflzj n—i

Tn—j(v)z

1 —
+ E gp—1,;(v ujz” Tn_p(v)2" 7P
p=j+1

for inversions and the distance to the identity permutation and hence

gF(z, u,v) = uR(zu,v)F(z,u,v) + uR(zu,v)R(z,v) + R(z,v)F(z,u,v).
2

In an analogous way we obtain from (3b) the differential equation

gF(z, u,v) = uv R(zu,v)F(z,u,v) + uwv R(zu,v)R(z,v) + v R(z,v)F(z,u,v)

0z
for fixed points, the expected cycle length and cycles. Differentiate with respect to v to obtain
881;68 F(z,u,v) = u%R(zu,v)F(z,u,v) + uR(zum)%F(z,u,U)
+ U%R(zu, v)R(z,v) + uR(zu, v)%R(z, v)
+ (%R(z7 v)F(z,u,v) + R(z, v)%F(z7 U, v)
for inversions and the distance to the identity permutation and
09 F(z,u,v) = uR(zu,v)F(z,u,v) +uv2R(zu v)F(z,u,v) + wwR(zu U)EF(Z U, v)
8/(} az 9, ) - ) ) ) a/U K K K K av ) 9



0
%R(z, v)

F(z,u,v)

+ uvagR(zu, v)R(z,v) + uwR(zu,v)
v

0
+ ’U@R

for fixed points, the expected cycle length and cycles. Let

+ uR(zu,v)R(z,v)

(z,v)F(z,u,v) + vR(z, U)2

+ R(z,v)F(z,u,v) 3
v

G(z,u) = (%F(z,u,v)) , thus E, ;= [z"u/]G(z,u)

v=1

for all considered parameters except the expected cycle length. Here we get

E,;= %[z"uj]G(z,u).

n,j —

Differentiating with respect to v and evaluating at v = 1 leads in the instance of inversions to

2yt u 223
a—G(z,u) C2(1 — zu)t(1 - 2) Tz zuG(z’u) + 2(1 — zu)3(1 — 2)
22u 23u 1
+ 2(1—zu)(1 —2)3 + (1 —2u)(1 —2)* Tz ZG(Z’U)
or 9 2 2,2 _ 2.3 _ .33 .2
1 51—3uz—3u“z+6uz" —uz’ —u’z"+u 1+u—2zu
EG(Z u) = 2" (1—2u)*(1—2)4 (1—2u)(1— z)G(Z’u '
In the instance of fixed points we obtain
2u? 223 u
8—G(z,u) (1= zu)2(1 - 2) * (1—2u)2(1—2) L zuG(z7u)
i U . zu? n 2U
I-z20)1—-2) (l1—-zu)(1—2) (1-2zu)(l-=2)
Zu 22u 1
M S AR S A e G
or o )
1+ 2+ uz — 3uz? 1+u—2z2u
a_G< e s TG e R ¢ gy e LSO
In the instance of cycles we obtain
0 2u? zu? 1 U
- = 1
82G<z’u) (1 —2u)2(1 - 2) + (1 —2u)2(1 - 2) %1 2 Tz zuG(z’u)
n U n U o 1 " U o 1
I-zu)(1—2) (1—-zu)(l-2) 1 2 (1—2zu)(1-2) 12
U 2U 1 1
1
* (1 —2u)(1—2)2 * (1 —2u)(1 — 2)2 BTtz ZG(Z’U)
or
0 u 1 u 1
8zG(z7u) (1= zu)(1—2)? s (1 —2u)2(1 - 2) R
u — u?z? 1+u—2zu
M T s i g e s L G
For the expected cycle length, we obtain
2u? 223 u
8—G(z7u) (=21 —zu)?2 " (1—2)(1 - zu) 1- zuG(z’u)



TS R S [ A (RS T R

2
1
=u z U G(z,u)

+ (1-2)2(1—zu) * (1-2)%1 - zu) * 1—z
or
0 e ) w328 — 20325 — 20225 + 20l 2t 4+ 32t + 2uzt — 3u22d —3uzd — w2 4+ 3u2 — 2t uz+z2-1
—G(z,u) = —u
0z 7 (1 —2)4(1 — zu)t

1+u—2zu

(1—2)(1—zu) Gz u).

Finally, for the distance to the identity permutation we get

0 2ut u z%u
“a - G A
0z (2, ) (1—2u)>(1—2) R (zu) + (1—2u)*(1—2)
2?u 2u 1
G
R TS A s s ek p S
or
0 1+u—2zu
—G =——-@CG
0z (2, ) (1—zu)(l—2) (z,u)
4w utzt +u2t — 4wl — 4?23 + 120222 — Pz — duz +u? + 1
(1 — zu)?(1 — 2)° '
Solve this to obtain
1 U 1
G =- 1
(z,u) 2(1—2)(1— 2u) ®1 >
+ E ! lo !
2(1—=2)(1—zu) 1 zu
4 1 32%u? +32%u — 22202 — 122%u — 222 + Tzu+ T2 — 4
—zu
4 (1 —zu)3(1 —2)3
for inversions;
U 1 1 1
G =2 1 2 1
(2, ) (1—zu)(1—2) szt (1—2u)(1—2) 1
g
(1—=2u)(1-2)
for fixed points;
Glz,u) = (1+ Hy) u I 4 (L4 H,) L log —
U= "1 = zu)(1 - 2) BT "1 = zu)(1 - 2) 1

m 1 1
- ((1 +2H,,)zu + kzzz o (Ho = Hy 1) (uz” + ukzk)> T—z0)(-2)

for cycles of length up to m;

B 1 1., 1 1., 1
G = T a2 (2“1°g T tals l—zu)
zZU
(1—2u)(1—2)



1
1—2zu

+ ! u lo ! +1lo
(1—zu)(1-2) 12 &

for cycles;
U 1 1 n 1 1 1
o 0
(1- )(1—zu) 12 (1—=2)1-zu) &1 zu
1 —22%u2 + 523u? + 523u — 22%u? — 122%u — 222 + 52u + 5z — 2
—zu
2 (1 —2u)3(1—=2)3

G(z,u) =

for the expected cycle length; and

1 s ud2® + 4?23 — 6u?2? 4+ 3u?z 4+ 3uz —u? — 1
G(z,u) = —= uz
3 (1 —zu)*(1 — 2)*

for the distance to the identity permutation.

4.1 Extracting coefficients

To obtain the desired expectations E, ; of the considered parameters, we have to extract coefficients from G(z,u).

Recall that 1
1= = Z H; 2
j>1

with harmonic numbers H,, =3, ., ., 1/k. Hence

- , ) 1 1 1
H:u' 2" = H.u! = 1
ZZ JwE Z jul—z 1—21-zu Ogl—zu

n>1j=1 i>1
and
- j ,m - n+l—j_n i—1 U
ZZHn—i—l—jUjZ :ZZHJU + Iz :ZH]ZJ m
n>1j=1 n>1j=1 j>1
u 1 1
= log
l—zul—=z 1—=2
Note that
- 1
223(3—5)u12"=233—5 — =7 (G- —4) ()
n>1j=1 ji>1 j>1
1 9 2 1 4
B 1_Z(zu) (1—zu)3 1—zzu(1—zu)2
and

ZZnJrlfj Y(n—4 —j)ul 2" ZZ] Jur I

n>1j5=1 n>1j=1

n
=Y =8 e = = Y (i 1) —49) 2
Jj=1 Jj=1

2U 2 2U 4
. —
l—zu (1—2)3 1—zu(l-2)2

and simplify
1

1—=2

(u)? 2 1 . 4 LR 2 U 4
I—z2u)® 1—-2z (1—z2uw)? 1—2zu (1-2)3 1—zu(l—2)2




to obtain
—4 4 Tzu — 12220 — 22%u® + 3230 + 323> + T2 — 222

(1 —zu)3(1 —2)3

2zu

This shows that

1 . . 1., 1 1
E, ;= g(”JF 1=j)n—4-j)+ g](ﬂ -5+ §Hn+1—j + iHj

for inversions; and
E,;=2H,1-;+2H; -3

for fixed points. We have

1
Enj;=1+Hy,)(Hy1_j+ Hj) — <1+2H +QZE m— Hy 1))
k=

or
Bnj = (14 Hp)(Hys1—5 + Hy) = (14 H + HP)

for cycles of length up to m when m — 1 < j < n —m + 2. Furthermore, we have

1 R 1 1@

By = 2H3+1 —j 2HT(LJ21 g+2H2*§H§ — 14 Hypi—j + Hj
for cycles;

1/1 . . 1.,

Enj=_(gn+1=5)n—=3)+ 270 —1) = 1+ Hpp1—; + H;

for the expected cycle length; and
E, ; ! (ns—n)—l(n—l)j(n—&—l—j)
" TR 6

for the distance to the identity permutation.

4.2 Grand averages

The grand averages F,, can be obtained via
1
E, = E[z”]G(z, 1)

for all considered parameters except the expected cycle length, where we have

By = L ["G(2,1),

n2
In the instance of inversions we get
1 1 1322 — 22
1) = 1 -
Gl =g pleer s Ta =y
whence )
—6n—19
)G (1) = (n+ 1) H, + " 12” )
or )
1 n* —6n —19
E, 1 H,
- (15 B
In the instance of fixed points we get
4 1 3
G(z,1) = log - :

10



whence
[2"]G(z,1) =4(n+1)H, — Tn

1
En4(1+)Hn7.
n

In the instance of cycles up to some length m we get

or

1 1
=201+ H 1
G(z,1) =2(1+ m)(l— 7 0g T
(14 2H,,) +221 Hy_1)2" !
T4 2k~ U )2
whence
[2"G(2,1) = 2(1 + Hp ) Hy(n+ 1) — 2(1 + Hy)n
(1+2H n—l—ZZ — Hy_ 1)(n+1—k)>
k=2
= 1+H) n(n+1) =21+ Hy)n
1+ 2Hy)n + (n+ 1) H2 + (n+ 1) HP — 2nH,, — 2m)

1+ H,, ) w(n+1)—2(1+ Hy,)n

2
~ (¢
2
((n+1 VH2, + (n+ 1)H® —|—n—2m)

or

1 1 1
E, =201+ Hy)H, <1+—>—2(1+Hm)—(1+—)H,2n—<1+—>H§f)—1+2@
n n n n

for n > m — 2. In the instance of cycles of arbitrary length we get

1 1 z 1 1
TSE log? + 2 log

G(z,1) = 172_(1—2)2 (1-2)2

whence
["]G(z,1) = ((Hn+1 —1)2 - (H?), - 1)) (n+1) — 3n+2(n + 1)H,
or
9 ) 1 2
E, = (Hn—Hn ) 1+2)+2H, —1.
n n
In the instance of the expected cycle length we get
1 1 —25 + 521 — 823 + 522 — 2 1 1 —2(22 =32 +1)

Gl =2a—gle— + (1= 2) Aot t

whence

[2"G(z,1) = 2(n + 1)H,, — 2n + W =2(n+1)H, +

2 1 1 19
E,=—|1+—-)H,+=-n|1——]).
n n 6" n?2
Finally, for the distance to the identity permutation we get

2 2
3(1—2)

or

G(z,1) =

whence

Lt - 1)n—2)

"G 1) = 5

or
1
E, = %(n +1)(n—1)(n—2).

11



4.3 Asymptotics

We need an effective means of comparing the disorder that is present in random permutations to the disorder that is
present in a permutation after a single ordinary quickselect. Hence we compare the asymptotically dominant terms
of r/ (1) (resp. r1(1)/n in the case of the expected cycle length) and of E,,.

Recall that

1 1 1
H, =1 — — o=
ogn+ 7+ 2n  12n2 + <n4>

and

e Inversions. We have

e Cycles of length less than or equal to some m. Note that r/,(1) = H,, for n > m. The dominant term
of E, is 2(1 + H,,)H,,. We have

r' (1)~ H,, and E, ~2(1+ H,,)logn.

For fixed points this becomes
r(1)~1 and E, ~ 4logn.

e Cycles of any length. Note that r/,(1) = H,. The dominant term of E,, is H2, ;. We have
(1) ~logn and E, ~log®n.

e Expected cycle length. We have

/
L(l) ~ 1n and FE, ~ 1n
n 2 6

e Distance to the identity permutation. We have

5 Median-of-three pivoting

Translating recurrence relations (3c) and (3d) into a differential equation for the trivariate generating functions leads
now to differential equations of higher order.

We have
j—1
n(n = 1)(n —2) g () 2" = 6u> 3 (p = Dyt (0)aP 227 (n = D) jp (v)ud P27
p=1

+ 6u2 (] — 1)Tj—1(v)uj_22j—2(n _ j)rn,j(v)z”_j_l
n
+6 ) (P = 1)gp1,(0)w 2" (n = p)ry_p(v)z" P
p=j+1
for inversions and the distance to the identity permutation and

J—1

B = 1)(n = 2) Gug (@27 = 662 v 3 (p — g1 (0)u7 2720 = Pa_pgp(w)ud P27
p=1
+6u’ v (j— l)rj,l(v)uj_zzj_2(n — j)rn,j(u)z”_j_l

12



60 D (p—1ap-1, ()22 = p)rap(v)2" P
p=j+1

for fixed points and cycles.
Let R'(z,v) = £ R(z,v). Then

33

53 F(z,u,v) + 6u?R (z2u,v)R'(2,v) + 6R/ (2, v)g

F(z,u,v) = 6u*R/(zu, 11)2 B

2 F(zu.m)

for inversions and the distance to the identity permutation and
a—?)F(z u,v) = 6u?vR'(zu ’U)QF(Z u,v) + 6u?vR' (zu, v) R (2,v) + 6vR/ (2 'U)QF(Z u,v)
azg b b b 8Z ) ) b b ) az ) )

for fixed points, the expected cycle length and cycles.
Differentiate with respect to v to obtain

o 9 5 0 0 o o 9 o ,
90955 F(z,u,v) = 6u %R (zu, U)EF(z u,v) + 6u“R'(zu, v)a B F(z,u,v) + 6u? %R (zu, V)R (z,v)
+ 6u* R (zu )ER/(Z )+ GQR/(Z ’U)EF(Z’ u,v) + 6R/ (2 ’U)QEF(Z u,v)
ey Y v R i v Y

for inversions and the distance to the identity permutation and

a o 5 0 5, 0 0 0 0
90958 F(z,u,v) = 6u“vR (zu,v)aF(z,um) + 6u ’U%R (zu,u)aF(z u,v) + 6u*vR (zu, v)a P F(z,u,v)
+ 6uv R (zu,v) R/ (2,v) + 6u2v§R’(zu, V)R (z,v) + 6u*v R (zu, v)agR'(z7 v)
v v
0 0 0 0 0
/ . P! . / =
+ 6vR'(z, v)azF(zm,v) + 61)(%]% (z,v) azF(z, u,v) + 6R'(z,v) 5 8zF(Z’ u,v)
for fixed points, the expected cycle length and cycles.
Note that 5 5 -
u—u’z
—F =—F 1) =
g; T (@) 0z @wl) = T ra =02
and 9 )
/ = — =
Rz 0)lym = 0z (R(Z’U)) v=1 (1—2)%

We must evaluate

0 0 0
—R — | =—R
81} (Z’v) v=1 82 <8U (Z’v) v—l)
for all our parameters:
e Inversions.
122422
2(1—2)*

e Cycles of any length.




e Expected cycle length.

1+22
(1—-2)*
e Distance to the identity permutation.
222 + 2z
(1-2)°
We evaluate now at v =1 and set 5
o - 29 .
(z,u) 5 aZF(z7u,v) .
This results in the second order differential equations
3_2(1)(2’ ") = 3zut(2 + zu) (1 — uz?) 6u? (2, u) + 3zu(2 + zu)
022 (1 —2u)8(1 — 2)? (1 —2u)? (1 —2u)4(1—2)?
2 L2
3zu*(2 + 2) 3zu(2 + 2)(1 — z%u) n 6 (2, u)
(1—zu)2(1—2)* (1= 2zu)?(1—2)8 (1-2)2
for inversions,
0? 12u3(1 — 22u) 6u?
— = d
922 = Ty g T A W
18u? 12u(1 — 2%u) 6
P
A G T s Rl s s s T g P A L)
for fixed points,
02 12u3(1 — 2%u) 6u3(1 — 2%u) 1 6u?
P = 1 P
022 (2, ) (1—zu)*(1-2)2  (1-zu)?*(l-=2)? BT " (1 — 2u)? (2, )
n 18u? n 6u? 1 1 n 6u> 1 1
(1—2u)?(1—2)2  (1—zu)?(1—2)? 1 2 (1 —2u)?(1—2)2 12
12u(1 — 2%u) 6u(l — 2%u) 1 6
1 P
020 =2) T 01— BT T A=zt
for cycles,
5’_2(1)(27 ") = 6u?(u — z%u?) 6u?(1 + 2zu)(u — 22u?) N 6u? (2, u)
022 (1—zu)*(1—2)? (1—2u)8(1 — 2)? (1 —zu)?
N 6u? 6u?(1 + 2zu) 6u?(1 + 22)
(1—2u)2(1-2)2 (Q1-zu)*(1-2)2 (1—zu)?(1l-2)*
5292 52,2
n 6(u — z°u®) 6(1 + 22)(u — z*u?) 6 (2, u)
(1 —zu)?(1 —z)* (1=2)6(1 — zu)? (1-2)2
for the expected cycle length and
0? 12zut(1 + zu)(1 — 22%u) 6> 12zu(1 + 2u)
—® = d
R G Ry e L s R ypon A ALl o s

1220%(1 + 2) 12zu(1 + 2)(1 — 2%u) 6
(1—zu)?(1-2)° i (1—zu)*(1—2)7 - (1- z)zq)(zv“)

for the distance to the identity permutation.
The differential equation
82 2

1 U
@Q(z,u) -6 <(1 mpop + (i zu)2> D(z,u) = g(z,u)

14



with different g(z,u)’s according to the parameter under consideration can be transformed into a Hypergeometric
differential equation

t3(1—1)3(1 — u)®

t(1 — )Gy (t,u) — 4(1 — 2)Gy(t,u) — 8G(t,u) = g(1+ =2, u).

u

There we used the substitutions 1

(1—2)2(1 — zu)?
z=1+ ="t and G(t,u) = E(1 + 1=%t,u). This procedure was also used in [4].

The corresponding homogeneous differential equation has the solution
10 5 )

hom _ _ 5 _ 42 43
Ghom (£, 0) = koy (w) (1 — 2¢) + ko (w)t (1 2+ —t — ot

Solving the differential equation by variation of the constants, backsubstitution and extraction of coefficients
leads finally to the expectations®

O(z,u) = E(z,u),

9
—H;(25% — 65

6 6
Hyi1-;(2n% —2n — 45 22 4+2j4+1)— — — —

LB 18, 16T 814 921, 153
28" T 357" T 120" T 245~ 2a50” T 70
3485 — 25 — 365 + 357 N 3(2-27+10)G—12% 1 (F—1)( —2)(25 —3)(35% — 9 +50)

6
B =~ Ha(3n® — 6jn —3n+4 -6+ 6j%) +

9

+35

35 n 35 n(n —1) 175 n(n—1)(n—2)
B G-DU-3E*-4+25)( -2 3 (—1)(—2)(—3)([ —4)(2j —5)(j* — 55 + 35)
175 nn—1)(n—2)(n—3) 245 nn—1)(n—2)(n—3)(n—4)
1 G-DG-2)G—-40— 2 — 185 + 140)(j — 3)?
1 G=DE =2 -4)0 —5)" ~ 187 + 140)(G —3) . <i<n-d,
490 nn—1)(n —2)(n —3)(n —4)(n — 5)
B 8Ty 1 525n° — 4900n* — 131843n7 + 48556n° + 104042n — 13440 form > 8
AT TRE T T 4900 n(n—1)(n —2) =%
1 13 17 13
Eyy=-, Bsy=—, Boa=~, Brq=—
4.4 47 5,4 20’ 6,4 207 7,4 10’
3 1 105n* — 77003 — 2090n + 275502 — 588 1 2 17
En,:s:*?HnJr@ nn—1) forn>7, E33=0, E43= e E5,3:5, Eg3 = 20"
3 19 1 3 1 13
Epo=-—-n*——n——+ -H,forn>6, Fao=0, F30=0, Ey0=~, F50=—
n2 = 5o~ 5gh = s + 5 Hn forn 2 6, E22=0, E32=0, F42 1 B2 =gy
3 19 1 3 1
B, = %NQ ~ %" 175 + 5 n forn>5, B11=0, By =0, E37 =0, 41 = 1

for inversions,

48 36 36 24 24
Bnj=—Hpy+ —H +—"Hpyyy st — b —
3= gptin tgg i T g e g as 1)

583 123j-5 24 (-1 8(-D(-2)@2-3) 12(-1(-3)(-2°

175 35 n 3Bnn—1) 35 nn—-2)(n—-1)  35n(n—2)(n—1)(n—-23)
1225 -DG-DG =G4 8 G=5G-DG=G-DG=3
35 nn—-2)(n—1)(n—-3)(n—4) 35n(n—2)(n—1)(n—3)(n—4)(n —5) - ’
12 1 —537n? +179n° + 1618n — 1680

Epa= —H,— — for n > 8,
AT 175 n(n—2)(n — 1) orn

L This technique is described in more detail in [7]. The paper [8] is also of relevance here.
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7 23
Ey4= > Ess=4, Egy= 5 E74 =05,
12 1 209n2 — 209n + 420 7 21 23
E,3=—H, - — f >7, FE33=3, Ey3=—=, F53=—, Eg3=—,
375 175 n(n—1) orn =1 Bas 487 g B8 T T B3 T g
12 7
Emg —g—;—f— H fOI‘TL>6 E22—2 E32—3 E42:§, _E572:47
37 12 7
En,l 25 Hforn>5 E11—1 E21—2 E31:37E4’1:§
for fixed points,
12 12 34 12 12 9 9
En.;=—H,Hj+ —H,H, 1_; i e H? H? HHn
A T +1J+<35 35] 35(n+1—j)) R T 35 L
12 12 103 125 6 (-1 4 ,;0-)0-2 3 jU-1D0-20-3)
355  35(n+1—j) 175 35n 35n(n—1) 35nn—-1)n—-2) 35n(n—-1)(n—2)(n—3)

6 jU-1D0-20=-30-4 2 jG-1)0-20=-3)0 4)(3_5))1{4
3Bnn—-1)n-2)(n-3)(n—4) 35nn—-1)n-2)(n-3)(n—4)(n->5)) "’
12 12 2 65-1 6 (G-1)(E-2 40G-1DG-20G-3)

+<§j+35(n+1j) BT T T3 a1 3 nm-1(n-2)

30U-D0=-20-30-49 6 0(-DG=-20-30-49G-5

35 nn—1)Mn-2)(n-3) 35 nn—-1)n-2)(n—3)(n—4)

_3(j—1)(1—2)(1'—3)(3'—4)(9'—5)(3'—6))H ‘

35 n(n—1)(n—2)(n—3)(n—4)(n—>5) e

Bu@ Buye 1 1Tngs 11705 621 12423 1 (3j-7)(-1)
5 7 5 I T35 (n+1)(n+1—35) 35 (n+1)j 5250 175 n 35 n(n-1)
L L BI-9G-DG=2) 1 0i-2§G-D)G-2G-3)
105 n(n—1)(n—2) 35 n(n—1)(n—2)(n—3)

2 B81j-99)0G-1)(E-2)-3)G—-4)
175 nn—1)m-=2)(n—-3)(n—14)

62 (-1 -2(-3)"(G-40-5)
525 n(n—l)( —2)(n—3)(n—4)(n—>5)

for5<j<n-—4,

4n3 —12n? — 2
B, :§H2—|— 6 4n3 n®—7n+ OHn—§H7(12)
175 25 nn-1)(n-—2) 5
3 53760n + 701 n8 + 4353 n* — 11200 + 24348 n? — 66356 n2 — 4206 n° form > 8
3500 n2(n—1)%(n — 2)? T
15 89 21 59
EBigs=—, Esu=—, Bga=—, Er4=—,
4,4 1 4 20 6,4 1 7,4 10
4n% —4n— 2 —525 —282n3 —454n? + 141 n* + 164
En3—§H2+E n n 5Hn_§HT(LQ) 2 —525-282n 5n+2 n+65nforn27,
~ 5 25 n(n-—1) 5 875 n?(n—1)
15 23 21
E33=3 Ey3=—, Es3=—, Fg3=—
3,3 4,3 4 5,3 57 6,3 47
3 24 3 15 89
Eno=-H? H, - ZH? Ly >6, Eyo=2, F30=3, E Eso=—
2= 5 +25 5 +125 ormn 2,2 3,2 4,2 = 7 2= g
3 24 3 15
E, “H? H, — ~H® + forn>5, Fi1=1, BEx1 =2, E31 =3, F41 =
1 = 5 +25 5in 5 orn 1,1 2,1 3,1 4,1 = T
for cycles,
182§%2 — 65 +5 182n% —4jn —2n+ 252 +2j+ 1 123n% — 6jn —3n+ 652 — 65 + 4
Enjffj J Hy+ 38 J Jj J Hypyy — 2 J J itdy
35 n 35 n 35 n
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121 12 1 3 36 . 97 1628 921 j2 1535 6 485 —25—36352+353

T Tin T(ntl_jm 14" 735 70 2450 12351 35 a0 35 n2
6 (P -25+10)(j —1)* 2 (j—1)(j —2)(2j —3)(35% — 95 + 50)
35 n?(n—1) 175 n?(n—1)(n —2)
6 -1 -3)*-47+25)-2° 6 (-1 —2)(—3)(—4)(2j —5)(J* —5j +35)
175 n?(n—1)(n —2)(n — 3) 245 n2(n—1)(n —2)(n —3)(n —4)
1L (-1 -2)G-4( - 2 —1 140)(5 — 3)2
1 (G -DE -2 -4 —5)(35° — 185 + 140)(j — 3) for5<j<n_d
245 n?(n—1)(n —2)(n —3)(n —4)(n — 5)
oo LT4H, 1 525n° — 2450n* + 41206n° — 126943n? + 104042n — 13440 form > 8
T35 2450 n2(n—1)(n—2) ="
9 63 77 48
Eya=—, Bsy= —, Ega= —, Erg= —
4,4 87 5,4 507 6,4 605 7,4 357
4 3 2 _
B, ,— GHn 1 105n'— 2800’ +2265n° ~2090n —588 o
’ 7T n 490 n?(n—1)
9 29 77
Ezz=1, Bys ==, Bsg=—, Fg3= —
3,3 » Pas =90 Be3 = op B63 = s
6H, 3n 5 2 9 63
—28n O 90 > =1, E30=1, Bao==, Esp= —
E, 2 £ +14 11 175nf01“7l_67 Es , B0 » Bag =g, Bsa =,
6Hy, 3n 5 2 9
o2 forn>5 Fi1=1 Ey1=1, B3y =1, Byq =
Eoq= = +14 1 Tn orn>5, K, , B2 y B3 v Baa =3

for the expected cycle length and

S G -G - 217 —9)

E,;= 365H (Tn® — 2150 — In? + 215%n 4 2n 4 185n — 18 — 3952 + 395) — 35
6 108 108
e Hy (=2 - —-1—§) = o =
y L 6.0 143 5 349 9., @-n,@#@,ﬁuﬂ-z
24" T 5" T a0 ga0 ' " 1’ 1207~ 287 T 2900 ~ 107 T 196’
3 495" — 2185% + 8035% — 8505 + 360
140 n
6 (552 — 105 +18)(5 —1)? 6 G- —2)(2 —3)(j* — 3j +6)
35 n(n—1) 35 n(n—1)(n—2)
6 -1DG-3)"-4+90—-2* 6 (-1 —-2)J—3)(—4)(2] —5)(55% — 255 + 63)
35 n(n—1)(n—2)(n—3) 245 nn—1)(n—2)(n—3)(n—4)
._ ._ ._ ._ .2_ ._ 2
3 (-D0 -2 4G —5)(55°—30j +84)(j —3) for5<j<n—d,
245 n(n—1)(n—2)(n —3)(n —4)(n —5)
684 1 1225n% — 5250n3 — 12722512 — 711282n + 302400
E,.=—H,+ forn > 8,
47 35 29400 n
1 8 16
E4,4=§7 E5,4— , Bea =2, E74—€
1 5 223 144 13177 1 4
Epz=—n*—_—n?>-""n+ ——H,————forn>7 E33=0, Ey3==, Es3=—, Es3 =2,
Y R T A YT A T 1900 " 3,3 437 50 B53 T 5y B63
5 1 29 1 1 8
= il 2 >6, E20=0, E30=0, Eyo==, Es2=—,
Bn2 = —ggn’ +24 *+ 168" 140 orn 22 3,2 4279 B2 T
29 1
Enl——in +— +— ——forn>5 Ell_O E21—O Eg O,E 25

98 24 168 140

for the distance to the identity permutation.
Due to the symmetry E, ; = FEy41—;, this parameter is fully described by the above values.
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5.1 Grand averages

For the “grand averages” E, we get for inversions

6 6 1 1 793 9
E, = — | H, —n?—-n— — — f >
<7¥7 > T2 T 2" hes Tgsn M 26

1 3

E1:07 E2:Oa E3:07 E4217 E5:53

for fixed points

7 Tn 49n 49 =

7 101
EFi=1 FE,=2 FE3=3, B, =—-, s = —
1 5 2 ) 3 ’?’a 4 27 5 255

24 24 2
En:<—+—)Hn—ﬁ—ﬁf0rn>6

for cycles

6 6 30 114 6 6 65 618
Bo= (ot \m2+ (2 4"\, - 2)E® - 22 0l s,
<7+WJ "+(w+4%) (m+7> " T 343n 343
15 112
Bi=1 Ey=2 E;=3 Ej =, Ey= ——
1 ) 2 ’ 3 37 4 47 5 257

for the expected cycle length

1 793 n 91 n 12 1
6 294n 49 n? 7 \n?

1

E,=-n —+—>an0rn26,
n

31

E1:17E2:1aE3:17E4: %7

x| ©

Es =

and for the distance to the identity permutation

1)(14n3 — 49n2 + 14
En:(n+ )(14n 52:71 + 14n + 36) forn > 6,
n
36

1
Ei=0, By=0, By=0, By = -, Es = —.
1 07 2 07 3 Oa 4 27 5 25

6 Variances

In this section we sketch how to compute the variances of our parameters. This is done by computing the second
factorial moment, from which the variance is obtained by adding the expectation and subtracting the square of the
expectation. It turns out that the explicit expressions that we obtain are already of daunting complexity. Henceforth,
we refrain of doing such calculation for the more complicated instance of median—of-three partition.

Start with

9?0 0? 0 0 o?
902 92 F(z,u,v) = UWR(ZU, V) F(z,u,v) + QU% (zu,v)%F(z u,v) + uR(zu, 1})6 5 F(2,u,v)
uiR(zu v)R(z,v) + 2uiR(Z’UJ v)iR(z v) + uR(zu v)a—QR(z v)
ov? ’ ’ v Tov T Tow?
R )P 0) 4 20 R 1) P, ) 4 RU ) o P
52 Bz 0)F(z,u,v PG AN 2,0) 55 F(z 0,0
for the inversions and the distance to the identity permutation and with
9% 0 0? 0 0 02
902 92 F(z,u,v) = UWR(ZU, V) F(z,u,v) + 2U%R(zu,v)%F(Z,u,U) + uR(zu, v)wF(z,u,v)
0 0
+ QU%R(ZU, v)F(z,u,v) + 2uR(zu, v)%F(z, U, v)
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2 2

0 0 0 0
+ uwR(zu, v)R(z,v) + 2U%R(2u, v)%R(z, v) + uR(zu, v)wR(z, v)

0 0
+ 2ua—vR(zu7 v)R(z,v) + 2uR(zu, v)%R(z, v)

2 2

0 0 0 0
+ wR(z, v)F(z,u,v) + Z%R(z, U)%F(z7 u,v) + R(z, U)ﬁF(Z, u,v)

0 0

2— F 2 —F

+ 61}R<Z’ v)F(z,u,v) + 2R(z,v) 5 (z,u,v)
for fixed points, the expected cycle length and cycles.

We finally get for the second factorial moments Mr(fj) :
Inversions.

@_ loo 1h@
M =—3H" — 7H0h;

1 Hn (n+1) (n’j —4n®5° + 3n°j + 65°n — 85°n — 10jn + 957 — 3j* — 12+ 65° — 125)
24 jn+1-—3)

1 1 1
+ ZH‘? + ZH72L+1,J' + §Hn+1—jHj
1 H; (3n°j — 12n°j — 9n?5% 4+ 125°n — 45°n + j*n — 12n — 43jn + 155% — 12 — 5° — 285 — 55* + 195%)

24 jln+1-yj)

1 n —J . . . . . . . . . .
—& (TL4] + 71’L3j — 4113‘72 — 21112]2 - 13n2] + 6n2j3 —12n —535n + 5]211 + 24]3n - 4]411
24j(n+1-j)

—105* — 34j + 325> + 115° + 5° — 12)

1 1
3456 j (n +1 — j)
—805n°j + 3783n%j2 4+ 2191n%j — 50945°n — 8345 n + 24685%n — 175n"j + 304n>;% — 9545*n? + 66n°;°
—315n%5% + 738n°5%) forn > j > 1.

+ (16265 + 7025° — 4422;5° — 42965% + 66245 — 2345 + 1728 + 7025°n + 63jn° + 93825n

Fixed points.

Hn(n+1) 2 2
MP = 4g® —4g® 48— T L ug? L AH? 4 8Hpp1 H;
n,j J "*1*3+8(n+1—j)j+ j T 4Hp 15+ 8Hny1—H;
_H, (—95% + 9jn + 95 + 8n + 8)  Hugi (=95 + 9jn + 95 + 8n + 8)
(n+1-4)j (n+1-4)j
. 2.2 .3 2. 3, 42 .4 _ .2 . 2
+1118j+23n] 465 +47n:7 465 n' j'n+23‘7 +607? 955° + 724+ 165jn + 12n forn—1>j>2,
3 Jn+2-7)G+1)(n+1-j)

M®) =4m2 —4H® —H,+ 2 D trn 2 M3 =0,
™ n 2 ’

Cycles.

. .
M = < 2 _ 2 5 Hane > ZJ: Hujin | (3 _2_ 2&) nzj Hitj1
PN H1=g)? ntl-j  ntl-j)i= Kk 23 Ti) = ok

®3) 3 (@) @) 314 3@ , 8,503 8 (3
T 2Hn1— Hy g+ 2H H — AHGHG — AHn i H Ly — §Hn+1fj - §HJ' * §Hn+1fj + §Hj
3 29\2 3 2 2 3 Y 3 2 1 1 4 4
+3 (HJ( )> +3 (Hﬁjl_j) - §H]2HJ(- ) §H1'2L+l—ij(L_21_j + ZH;‘I + ZH’fH-l—j + gHJP’ + §H731+1—j
L2 1.2 2 12002 1.2 (@) 1 @) 1 @)

1 1)\ 4o 1 1 @)
—-14+=-—- = | H ; -1 - H;
+( i j2) "+“J+( Taviog (n+1—j)2) !
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1 2 1 2
1— =) H;H | l—-——— | Ho jH;
JF( j) J n+11+( n—|—1—j) +1—5445
2 2 1 1 2 2 2 11 2
e — — -+ 1) Hj + (- — — S+ — — =+ 1) Hi
<J2 i (n+1-5)2% nt+l-j )] <(n+1—J)2 n+l—j 5% ] ) M
2(2n 4 1) 2 2 2(2n + 1) 2 2 )
+(-2- ~ — + — — . — + — | H;
( n+)n+1-j) (+1-7)2(nm+1) @+1-75)7> (n+1)j  (n+1)52 j3)7
2(2n + 1) 2 2 2(2n +1) 2 2
+(-2- ~ + + — — L — =+ — | Hoy1-
( n+D)(n+1-3)  (m+1-j)%m+1) @+1-3>3 (+1)j @m+1)52 ;) "7
2n 2 2n 2
+(2- — — - — = ) HjHn1
( m+D)n+1—-35) (+1-j?2 (n+1)j 12) T
2 2 2 2 2 2 2 2
+ ‘*‘i’f* B + . HnH+ B T T o - Han -7
(32 i (n+1-j)? n+1—3) ! <(n+1—9)2+n+1—J 32+J> i
2 2 2 4 2 4
-+ ——— | HoHjHp1- -+ -=- - - | Hy
2(2n—1)_ 2(2n — 1) - 2 __ 2 S 12forn g1
(n+1)j (+m+1-7) ®+1)7 @m+1)(n+1-7)
Expected cycle length.
©) &)
M(?),ELJ2 Hio; H”  HL
i T p2 n2 n2 n2
_ (1n®=3jn* +3n* +3°n —6jn—10n+3j> -3j—12 2 2 I
6 n? jn?  n2(n+1-—j) "
13n% —6jn—9n+5°+652—-13j —18 2 2
6 n?2 jn?  n?(n+1-7j)
1n®—3in% +6n%+35%°n —12jn —13n — 53 + 952 —2j—24 2 2 HiHnpw1-j
+(= X - - | Hopay + 20
6 n jn?  n?(n+1-j) 2
1 6n" —24jn® — 2n® 4+ 455%n — 9jn® — 72n® — 42j%n + 275%n + 147jn + 68n 4 215" — 425° — 1115° + 1325 + 432
72 n2
+ 2 + 2 forn>j>1
orn .
i+ ) 2l g1 TS
Distance to the identity permutation.
2
M) = 5 Hn (n+1) (n* = 5n%j + 4n® + 10n°5% + n® — 15n%j + 205°n — 10j°n — 6n + 105 — 55% + 55* — 105°)
2. . . ‘ 2 . . ‘ . .
G -D0G =20 +2) G+ -l (n+1=5) (n=j) (n=1-75)(n+3~-7)(n+2-7)
31 ¢ 1 5 ‘ 1 4 2 . 1 3 ‘ 3 2
2 pS— —n (-2 2j) + ——— 43 + 4655° — ——n®(2 -1 -
+6480n 160" (—27+6 J)+6480n (3 34 4655 693]) 450" (588]+580j 9867 687)

1 1
+ an (202 + 3455" — 2466;° + 5562;° — 23495) — 150" (4628;° — 10535" + 66;° — 2365 + 1344 — 3909;°)

1
+ 33107 (G — 1) (115" — 225° + 6915% — 6805 — 252) forn > j > 1.

6.1 The variance of the mean

Of particular interest is the variance of the mean V,, for the considered parameters. In principle, this parameter can
be obtained by summing up above obtained values, but it is easier to evaluate at u = 1 at the level of generating
functions and extract coeflicients.
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We then get for inversions

nt  5n3  11n?  247n 4607 11 n 1 11 1
V= e B2 (s SV H (-1 - = ) H® forn > 1
720 T 432 216 | 432 +2160+< n n2> +( * n) +( n) no R = S

for fixed points

1 16 1 1
V, = _16- 10 H? + _16 16 H? + % 10 Hn——9+§forn22,vlzo,
n n  n2 n 3n 3

for cycles
2 2 2 4 2 11 1 1 2
Vi= (4" S |HHP + (5 -5+ JHi+ |~ —— | Hy+ (5 +2+ (Hff))
n o n? 3 n? 3n n2 n n2 n
4 4 2 1
+ §+5—— H?l-l- ——|——8 H7(I3)_|_ 88— — | H, + _5_§ H,(f)—f- _6_§ H1(14)
n n? 3 3n 6n n "
4 1 .
+(—2— __O)HnHw(L2)+<§+8>HnH,(L‘3)+18forn217
n n n

for the expected cycle length

1 Tn' 4 25n° — 18507 18950 £ 6898 d(nt1) o A1) sy 2(n+5)(n—2)

= H, f >1,
720 n? n4 " n3 3 n3 orn =

Vi

and for the distance to the identity permutation

(n—1)(n—2)(n+1)(145n> + 836 n? + 53 n — 398)
226800

V., = forn > 1.

7 Conclusion

In the following table we collect our basic findings. Note for instance that the number of cycles is increasing, since
we are “closer” to the identity permutation, which has the most number of cycles.

. . Aft ickselect .
Random permutation | After quickselect CF duickseiec Variance
(median—of-3)
Inversions ”Tz % 7{—; 7”740
Fixed points 1 4logn % logn 10logn
2 2 3
Cycles logn log”n g log”n % log”® n
Expected cycle length 5 5 5 %
Distance to the n® n® 2n® 29,6
identity permutation 6 36 7 45360

Table 1: Averages and variances with/without one round of quickselect. (leading term only)

At first glance it might seem surprising that the parameters “number of fixed points” and “number of cycles”
are smaller after the median-of-three algorithm than after the ordinary Quickselect algorithm, what means that for
these statistics the permutations are on average more disordered in the median-of-three case. The reason for this is
that with median-of-three partition the number of recursive calls in the algorithm decreases and thus the requested
element can be found “faster.” Because every recursive call places one pivot element in the correct position and
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on average in every segment between the pivots we have one additional fixed point (these segments are random
permutations), one expects that the average number of fixed points will asymptotically behave like twice the average
number of recursive calls in Quickselect, a parameter that was studied in [4]. With the heuristic that for large n
almost no pivots are neighbors, we get that asymptotically the number of fixed points is twice the number of pivots
(or recursive calls). On average we make in the median-of-three case asymptotically 1/7 fewer recursive calls and
thus we have about 1/7 fewer fixed points.
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